THE HARTOGS EXTENSION PROBLEM FOR HOLOMORPHIC 
PARABOLIC AND REDUCTIVE GEOMETRIES 

BENJAMIN MCKAY 

Abstract. Every holomorphic effective parabolic or reductive geometry on 
a domain over a Stein manifold extends uniquely to the envelope of holomor- 
phy of the domain. This result completes the open problems of my paper 
|14| . We use this result to classify the Hopf manifolds which admit holomor- 
phic reductive geometries, and to classify the Hopf manifolds which admit 
holomorphic parabolic geometries. Every Hopf manifold which admits a holo- 
morphic parabolic geometry with a given model admits a fiat one. We classify 
flat holomorphic parabolic geometries on Hopf manifolds. 
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1. Statement of the theorems 

Theorem 1.1. Every holomorphic effective reductive geometry with connected model 
on a domain over a Stein manifold extends uniquely to the envelope of holomorphy 
of the domain. 

Theorem 1.2. Every holomorphic effective parabolic geometry on a domain over 
a Stein manifold extends uniquely to the envelope of holomorphy of the domain. 

These theorems restrict the possible singularities of holomorphic parabolic ge- 
ometries. The theorem are surprising; many examples |il4j of holomorphic Cartan 
connections defined on such domains do not extend to the envelope of holomorphy. 

2. Application: blowing down 

A complex manifold bearing a holomorphic reductive or parabolic geometry can- 
not blowdown. More generally, suppose that / : X — > F is a holomorphic map of 
complex manifolds, and that away from some subvariety Xq C X, / is a biholomor- 
phism, say f\x-Xo ' ~ -^o Y — Yq, where Fg C 1^ is a subvariety of complex 
codimension 2 or more. Suppose further that / is not a biholomorphism. For exam- 
ple, you might imagine that AT is a blowup of Y along Yq. Suppose for the moment 
that X is equipped with a holomorphic effective parabolic or reductive geometry. 
Then / induces such a geometry onY — Yq. By our theorems above, this geometry 
holomorphically extends to Y. The bundle and Cartan connection of the geometry 
on Y pull back to X, agreeing by analyticity with the geometry already found on X. 
The puUback of the Cartan connection is therefore nondegenerate along Xq. But 
then / is a local biholomorphism everywhere on X, and so / is a biholomorphism 
A — > a contradiction. Therefore X admits no holomorphic parabolic geometry. 

3. Definitions 

3.1. Envelopes of holomorphy. A complex manifold M is Stein if M admits a 
proper holomorphic embedding in a finite dimensional complex Euclidean space. 
A complex manifold M is a domain over a Stein manifold X if there is a local 
biholomorphism M — > X. An envelope of holomorphy of a complex manifold AI is 
a Stein manifold M containing M as a domain so that every holomorphic function 
on M extends uniquely to a holomorphic function on M. Rossi [TH] proved that if 
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M is a domain over a Stein manifold, then A/ has a unique envelope of holomorphy 
up to a biholomorphism which is the identity on M . 

3.2. Cartan geometries. If i? — > M is a principal right i/-bundle, we denote the 
action of any element ft, e _ff as r/,, : _E — > £'. 

Definition 3.1. Let C G be a closed subgroup of a Lie group, with Lie algebras 
f) C g. Let X = G/H. A (G, X)-geometry (also known as a Cartan geometry 
modelled on X) on a manifold M is a choice of G°° principal i?-bundle E M, 
and smooth 1-form uj E il^ (E) (g) g called the Cartan connection, which satisifies 
all of the following conditions: 

(1) r*w = Ad^^ uj for all heH. 

(2) We : TeE — >■ g is a linear isomorphism at each point e G E. 

(3) For each A G Q, define a vector field A on E by the equation A ^ uj ^ A. 
Then the vector fields A for A £ i) generate the iJ-action on E. 

Sharpe |.2.1J gives an introduction to Cartan geometries. 

Example 3.2. The principal 7f-bundle G — > X is a Cartan geometry, with the 
left invariant Maurer-Cartan 1-form uj = dg on G as Cartan connection; this 
geometry is called the model Cartan geometry. 

An isomorphism of (G, X)-geometries Eq — > Mq and Ei — > Mi with Cartan 
connections cjq and cji is an iJ-equivariant diffeomorphism F : Eq ^ Ei so that 

F*UJl = LJQ. 

3.3. Effective, reductive and parabolic geometries. Suppose that G is a Lie 
group and iJ C G a closed subgroup, and X ^ G/H. A (G, X)-geometry is 
effective if G acts effectively on X, parabolic if G is a semisimple Lie group and 
H is a, connected parabolic subgroup of G, and reductive if G is a linear algebraic 
group and _ff is a reductive linear algebraic subgroup. 

3.4. Curvature. The curvature bundle of a Cartan geometry E — >■ M is the vector 
bundle E XhW where 

W^g^A^ {g/l})* . 

The curvature of a Cartan geometry E — )■ M with Cartan connection uj is the 
section of the curvature bundle determined by the function K : E ^ W for which 

2 ^ ' ^ 2 

A Cartan geometry is fl,at if its curvature vanishes. Suppose that G is a complex 
Lie group and H C G a, closed complex subgroup. Pick a Cartan geometry E M, 
say modelled on (G, X). If the curvature of the Cartan geometry is complex linear, 
i.e. lies in 

0®C A2>0 (g/f)), 

then the 1-form uj imposes a complex structure on E for which uj is complex linear. 
The 1-form a; + f) is semibasic at each point of E, and is therefore pointwise the 
puUback of a linear isomorphism T^M — > g/[). This linear isomorphism is then 
complex linear for a unique complex structure on M. 

On the other hand, if M is already given a complex structure, we will say that 
a Cartan geometry is holomorphic for the given complex structure on M if the 
curvature is complex linear and the induced complex structure agrees with the one 
given on M. 
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3.5. Structures. A (G, X)-developing pair on a manifold M is a pair {h, S) where 
(5 : M — > X is a local difFeomorphism from the universal covering space M ^ M, 
equivariant under a homomorphism h: 7ri(M) — > G. The map 5 is the developing 
map, and the morphism h is the holonomy morphism of the developing pair. A 
developing pair induces a flat (G, X)-geometry with bundle E = &*G/'Ki{M) and 
connection form pulled back from the model. If G acts faithfully on X, then every 
flat (G, X)-geometry arises from a developing pair, unique up to replacing {h,5) by 

for some g & G. 

4. Extension phenomena 

Suppose that M is a domain over a Stein manifold. Recall [14J that a holomorphic 
Cartan geometry E — >■ Af extends to a holomorphic Cartan geometry on M if and 
only if the holomorphic principal bundle E ^ M extends to a holomorphic principal 
bundle over M. 

Lemma 4.1. Suppose that M is a domain over a Stein manifold. Then every 
holomorphic principal bundle (and every holomorphic vector bundle) on M which 
extends to M admits a holomorphic connection. 

Proof. It is enough to assume that M — M, i.e. M is a Stein manifold. A holo- 
morphic principal (or vector) bundle admits a holomorphic connection if and only 
if its Atiyah class vanishes [2J. The Atiyah class of each holomorphic principal (or 
vector) bundle lives in the flrst cohomology group of a coherent sheaf. The flrst 
cohomology group of any coherent sheaf on any Stein manifold vanishes by Henri 
Cartan's theorem B [5_. □ 

Proposition 4.2. [McKay [14^ p. 10 prop. 2] Suppose that M is a domain in a 
Stein manifold with envelope of holomorphy M. IfV^Misa holomorphic vector 
bundle, then every section of V over M extends to a section of V over M. 

5. First order structures 

5.1. Coframe bundles. Suppose that M is a complex manifold and that y is a 
complex vector space, and that dimM = dimV. Let FM be the set of all pairs 
(m, u) where m € M and u : T„^M — > y is a complex linear isomorphism. We call 
FM the V -valued coframe bundle. Clearly FM M is a principal right GL {V)- 
bundle, under the action rg{m,u) = (^m,g~^uj for g e GL{V) and {m,u) € FM. 
We will often suppress mention of V; the reader can then assume that V = C^. 
Let p: FM — !■ M be the bundle map {m,u) n- m. The soldering form of FM is 
the 1-form rj ^ 9} (FM) (g) V given by 

V(ni,u) = UOTT'{m,u). 

5.2. Extension. Suppose that G is a complex Lie group and that is a complex 
G- module. Suppose that M is a complex manifold, dimM = dimF, and FM is 
the ^-valued coframe bundle of M. A G-structure on M is a holomorphic principal 
right G-bundle B M with a G-equi variant holomorphic bundle map B — )■ FM. 
If we wish to disregard the group G, we will refer to a G-structure as a first order 
structure. 
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Theorem 5.1 (Hwang and Mok |6], McKay |T4] p. 24). Suppose that V is a finite 
dimensional complex vector space and G C GL {V) is a closed reductive complex 
algebraic subgroup. Then every holomorphic G-structure on a domain M over a 
Stein manifold extends uniquely to a holomorphic G-structure on the envelope of 
holomorphy M of M . 

The soldering form of a G-structure B FM is the puUback of the soldering 
form on FM . 

Remark 5.2. If G C GL {V) is a closed subgroup, then every G-structure B — > FM 
is a submanifold of FM . Quotienting the map B — )■ FM by right G-action yields 
a holomorphic map M FM/G, a holomorphic section of the holomorphic fiber 
bundle FM/G — M. Conversely, given any holomorphic section s: FM/G — M, 
note that FM -> FM/G is also a holomorphic principal right G-bundle, and let 
B = s*FM. Then B — > FM is a holomorphic G-structure. If G is a closed subgroup 
of GL (V), then holomorphic G-structures are identified with holomorphic sections 
of FM/G M. 

Suppose that / : Mq — >■ Mi is a local biholomorphism, that n: Bi ^ Mi is a 
holomorphic principal right G-bundle, and that hi: Bi FMi is a holomorphic 
G-structure. Let Bq = f*Bi be the pullback, i.e. Bq is the set of pairs (mo,6i) so 
that TT (6i) — f (mg). Define a map /iq : Bq ^ FMq by 



Remark 5.3. If G C GL {V) is a closed subgroup, then Bi C FMi is a submanifold, 
and Bi = /i-Bqi where 



In particular, we can describe the action of a biholomorphism on a G-structure; 
a symmetry of a G-structure is a biholomorphism / for which f^ preserves the 
G-structure. 

Theorem 5.4. Suppose that G C GL(n,C) is a closed complex Lie subgroup. 
Suppose that M is a domain over a Stein manifold. Suppose that E C FM is 
a holomorphic G-structure on M . Then the G-structure extends holomorphically 
to the envelope of holomorphy M if and only if the holomorphic principal bundle 
E ^ AI extends to a holomorphic principal bundle on M . 

Proof. Suppose that — > M is a holomorphic principal extending E M. The 
soldering form 77 is a holomorphic section of the holomorphic vector bundle T*E®g 
C" over M, and therefore extends to a holomorphic section of T'^E ®g C" — t- M 
by proposition |4. 2 on the facing page] Denote this section also as rj. This section 
vanishes on the fibers of i? — > Af over Af, so by analytic continuation must vanish 
on all of the fibers of — > M . The set of points m € M above which rj is not of 
full rank as a linear map T*E — > C" is a complex analytic hypersurface. Every 
component of every closed hypersurface in M has to intersect M by [14' p. 8 lemma 
11. But above Af, there is no point where has less than full rank. Therefore this 
hypersurface is empty. The soldering form, being semibasic, determines a coframe 
at each point e E E, say u: T^M — )■ C" so that v ^r/e = u (7r'(e)v) for any vector 
V € T^E. This choice of coframe is an extension of our map to the coframe bundle. 
The map is G-equvariant, so gives a G-structure. □ 



ho (mo, 61) = hi{bi) o /' (mo) . 
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6. The tangent bundle in a Cartan geometry 

Lemma 6.1 (Sharpe ^20j p. 188, theorem 3.15). If n: E — >■ M is any Cartan 
geometry, say with model X = G/H , then the diagram 

> ker7r'(e) > T^E > T^M > 



> h > > 0/1) > 

commutes for any points m G M and e G £",„; thus 

TM = Exh (fl/f)) and T* M ^ Exh (0/f))* • 

Under this identification, vector fields on M are identified with H-equivariant func- 
tions E — )■ g/f), and sections of the cotangent bundle with H-equivariant functions 

7. Cartan geometries and their induced first order structures 

Suppose that G is a complex Lie group and that if C G is a closed complex 
subgroup and X — G/H. Suppose that tt: E —>■ M is a holomorphic {G,X)- 
geometry with Cartan connection lu. To each point e G we can associate an 
isomorphism 

We : TeE Q 

and an isomorphism 



where m = n{e), by lemma 6.1 Define 

/: E^ FM, 

by /(e) = We + 1). Let Hi C H he the subgroup of elements of H which act trivially 
on g/f). Clearly / descends to an (iJ/i/i)-structure /: E/Hi — > FM. Call this 
map / the associated first order structure of the Cartan geometry. 

If H/Hi C GL (g/f)) is a closed subgroup, then the associated first order structure 
has image a submanifold of FM, and a reduction of FM to a principal right H/Hi- 
bundle. 

Lemma 7.1. Suppose that G is a complex linear algebraic group and H <Z G is 
a reductive complex subgroup and that X = G/H is connected and that G acts 
faithfully on X. Then H acts faithfully on g/f). 

Proof. Because H is reductive, g splits into a sum of iJ- modules, say q — ^ ®\)^ . 
When we quotient by (], f)^ — g/f) as i/-modules, so Hi acts trivially on f)^. 
Therefore Hi commutes with the subgroup Go (Z G generated by exponentiating 
t)-^. Again since f)-'- = g/f), we see that Go acts on X with an open orbit, say 
-'^o = Gq/Hq C X, where Hq = Gq D H. Clearly Hi fixes every element of Xq. 
Since X is connected, and G acts analytically on X, Hi fixes all elements of X. 
But G acts effectively, so Hi ~ {!}. □ 

Corollary 7.2. Suppose that G is a complex linear algebraic group and H <Z G is a 
reductive subgroup and that X = G/H is connected and that G acts faithfully on X . 
Suppose that E ^ M is a {G,X)- geometry. Then the first order structure induced 
by that geometry is an embedding E — > FM as a principal right H-subbundle. 



HARTOGS AND PARABOLIC GEOMETRIES 



7 



8. Reductive geometries and connections 



Suppose that G is a Lie group with Lie algebra g, H C G a. closed subgroup with 
Lie algebra and let X = G/H. Then g splits as an i/-niodule, say g ~ (fl/t)) ffl f)- 
Write this splitting as ^ = v4_ + Aq for A E g. Let g' — (g/t)) f) be the unique Lie 
algebra which agrees with g as an iJ-module, but has [fl/f),0/ll] — 0. The Sharpe 
mutation of {G,X) is the pair {G',X') where G' — (g/f)) k H, with obvious Lie 
group structure, and X' — G'/H = g/i). Every (G, X)-geometry, say E ^ M 
with Cartan connection u, has a unique (G', X')-mutation. i.e. a geometry with 
the same iJ-bundle E M and with Cartan connection lo' ^ lo, viewed as being 
valued in g' rather than g, using the obvious iJ- module isomorphism g' = g. Call 
this the Sharpe mutation of the original Cartan geometry. Clearly if w' = uj- + 
is the Sharpe mutation of a Cartan geometry E — > M , then ljq is a connection on 
the iJ-bundle E ^ M. 

Lemma 8.1. Suppose that G is a complex linear algebraic group and H G G is 
reductive complex algebraic subgroup and that G acts faithfully on X — G/H. If a 
complex manifold M admits a holomorphic (G, X)-geometry E — !• M , then E M 
admits a holomorphic connection, and M admits a holomorphic affine connection. 

Proof. All i7-modules are completely reducible so g splits as an iJ- module. There- 
fore every holomorphic reductive geometry bears a holomorphic connection: the 
Wo connection of the Sharpe mutation. Since X' = G'/H = g/t) is connected, the 
induced first order structure is an embedding E — > FM, and thereby induces a 
holomorphic afhne connection on M. □ 



Lemma 9.1 (Hilbert [17j P- 556). Suppose that Go G G is a closed reductive 
complex linear algebraic subgroup of a complex linear algebraic group. Then there 
is a finite dimensional G-module W and a nonzero vector wq E W with stabilizer 
Go. Consequently, G/Gq G W is an affine variety. Specifically, we can take W 
to be the dual space of the set of Gg-invariant regular functions on G of degree at 
most k, for any sufficiently large positive integer k. 

Suppose that G C GL {n, C) is a closed reductive complex linear algebraic sub- 
group. By the previous lemma, there is a finite dimensional GL (rt, C)-module W 
and vector wq G W with stabilizer G. We can then identify GL {n, C) /G = Gwq G 



Suppose that M is a complex manifold. Let FM be the set of coframes (m, u) 
where u: T^M g/[) is a complex linear isomorphism. We will refer to the 
holomorphic vector bundle FM XqW—?'M as the Boole bundle of M. We can 
map FM FM XqW by taking each coframe (m, u) to the triple 



and then quotienting by the G-action, i.e. composing with the obvious map FM x 
W — )■ FAI X c W. This map is equivariant under the right G-action 



9. The Boole bundle and Boole section 



W. 



(m, u, wq) 




Therefore it descends to a smooth map 



FM/G ^ FM XgW. 
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Each fiber of FM /G is embedded as a smooth aSine algebraic subvariety in the 
fiber of the vector bundle FM XqW^ M. 

Suppose that M has a holomorphic G-structure. For each local holomorphic 
section a of the G-structure, defined on an open set U C M, define a map 

U FM FM/G FM xaW 

by taking each point m S [/ at which a is defined, to the coframe (m, u) G FAI 
where u — (T,„ : T„iM — > C", and then taking quotient by G-action, and then apply- 
ing the smooth map defined above. In local coordinates, we are taking a — g{z) dz 
a holomorphic 1-form valued in GL(ri,C), and composing it with a morphism 
GL (n, C) — GL (n, C) /G of affine varieties: 

z g{zy^WQ £ W. 

Clearly the value of this map is independent of the choice of coframing, by G- 
invariance of wq. Call this map the Boole section; it is a section of the bundle 

FM XgW M. 

We prove theorem |5.1 on page 5[ 



Proof. Sketch: The Boole section is a holomorphic section of the Boole bundle on 
M, a holomorphic vector bundl e which extend s to M, so the Boole section extends 
uniquely to M by proposition 4.2 on page 4 The G-structure is just the set of 
all coframings a — g{z)dz so that the Boole section is g{z)~^WQ: a holomorphic 
principal G-bundle. □ 



10. Extension of reductive geometries 

Theorem 10.1. Suppose that G is a complex Lie group and H G G is a is a 

closed complex subgroup, with Lie algebras k) <Z Q. Suppose that H acts faithfully 
on g/f). Suppose that M is a domain over a Stein manifold, and E — )• M is a 
holomorphic {G, X)-geometry. Then the (G, X) -geometry extends holomorphically 
to the envelope of holomorphy M if and only if the induced first order structure 
extends to a holomorphic first order structure on M . 

Proof. The Cartan geometry on M extends to M just when the associated principal 
_ff-bundle E M extends ([U] p. 19 theorem 8). The bundle of the associated 



first order structure is E / Hi = E hy corollary 7.2 on page 6 By theorem 5.4 on 
[page 5[ the holomorphic principal bundle E — > AI extends holomorphically to a 
holomorphic principal bundle on M if and only if the first order structure extends 
holomorphically to M. □ 

We now prove theorem on page 2[ 

Proof. Suppose that G is a complex linear algebraic group and iJ C G is a reductive 
subgroup and X = G/H. Suppose that M is a domain over a Stein manifold and 



that E -> M is a holomorphic (G, X)-geometry. By lemma 7.1 on page 6 H acts 
faithfully on g/f). By theorem 10. 1[ it suffices to prove that the induced first order 



structure extends, and we proved this in theorem |5.1 on page 5| □ 
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11. Rational homogeneous varieties 



A generalized flag variety, also called a rational homogeneous variety, is a com- 
pact complex homogeneous space G/P where G is a connected complex semisimple 
Lie group. The closed complex subgroups P C G for which G/P is compact are 
called parabolic subgroups. There is some Cartan subgroup H d P, so the Lie 
algebra p is a sum of root spaces over H; we can arrange the choice of Cartan 
subgroup and basis of simple roots so that the root spaces of the positive roots lie 
in p; Knapp p. 475. We will assume henceforth that G/P comes equipped with 
a choice of such a Cartan subgroup and basis of simple roots. If a is a root, let 
Qa be its root space. Call a root a compact for G/P if both 0^ and 0_q lie in p. 
Call the associated coroot compact just when a is compact. Let A be the set 
of roots, A+ the set of positive roots, A~ the set of negative roots, Ap the set of 
noncompact positive roots, Ap the set of noncompact negative roots, and Ap the 
set of compact roots. 

Definition 11.1. Suppose that G is a complex semisimple Lie group and H d G is 
a Cartan subgroup, with associated Lie algebras () C g. A Chevalley basis [31 [TO] is 
a basis , for q parameterized by roots a and simple roots a,; for which 

(1) [H,Xa] = a{H)Xa for each 7J € t) 

(2) a (Hp) = 2 jg'gj (measuring inner products via the Killing form) 



with 

(a) Nai3 an integer, 

(b) iV_„,-/3 = 

(c) If a, /3, and a + f3 are roots, then Nap — ±{p+l), where p is the largest 
integer for which /3 — pa is a root, 

(d) Naj3 = if a + /3 = or if any of a, /?, or a + /3 is not a root. 

For every Cartan subgroup H of every complex semisimple Lie group G, there 
is an associated Chevalley basis [19 p. 52. 

Lemma 11.2 (Knapp [10_ p. 374, p. 481). Suppose that P C G is a parabolic sub- 
group of a connected complex semisimple Lie group. Then P is a connected complex 
linear algebraic subgroup. There are unique connected complex linear algebraic sub- 
groups M, A,N C P and C G so that 

(1) M is a maximal reductive subgroup of P and 

(2) A is a maximal abelian subgroup of P and 

(3) N is the unipotent radical of P and 

(4) P — MAN, the Langlands decomposition, i.e. every element p £ P is 
expressible uniquely as a product p = man with m € M , a d A, n Cz N . 
Moreover, this decomposition is a biholomorphism P = M x A x N and 

(5) N- nP^{l} and 

(6) the Lie algebra of M is the span of the compact coroots and the root spaces 
of the compact roots and 

(7) the Lie algebra of A is the span of the noncompact coroots and 



(3) [H^,H0]^O, 
(4) 




Ha, if a + 13 = 0, 

Xaf}Xa+i3, otherwise 
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(8) the Lie algebra of N is the sum of the noncompact positive root spaces and 

(9) the Lie algebra of is the sum of the noncompact negative root spaces 
and 

(10) the compact roots form a root system for M and 

(11) the groups N and are simply connected. 

Lemma 11.3. Suppose that G/P is a generalized flag variety, with Langlands 
decomposition P ~ MAN . Suppose that G is a connected complex semisimple Lie 
group. Then G is generated by N^UN if and only if the maximal connected normal 
subgroup of G lying in P is trivial. 

Proof. Let G' C G be the subgroup generated by U N. Since and N are 
path connected, G' is connected, so a Lie subgroup. Let g" be the Lie algebra 
generated by n~ U n. Since n~ and n are complex Lie subalgebras of g, so is g". 
Let G" be the connected complex Lie subgroup with Lie algebra g" . Since N" and 
N are connected, N^,N C G". Clearly the Lie algebra g' of G' contains n~ and 
n, so contains g" . Therefore G" C G'. But N-,N C G' so G' C G" . Therefore G' 
is a complex Lie subgroup of G. 

In terms of a Chevalley basis, the Lie algebra g' of G' must contain all root 
vectors Xa of all noncompact roots a, and therefore their brackets. The noncompact 
roots, positive or negative, are invariant under bracketing with the compact roots, 
so N and N~ are each invariant under MA. Therefore G' is invariant under MA. 
Therefore g' is invariant under the Cartan subgroup of G, and so is a sum of root 
spaces. We only need to identify which root spaces lie in g' . So far, we have found 
that g' contains all of the root spaces of the noncompact roots. 

Suppose that a is a compact root. We need to ask if G g' . If we can find a 
noncompact root f3 so that a + /3 is a root, then 

[X-l3,Xa+i3\ ~ N^p^a+pXa- 

From the definition of Chevalley basis, N^/^^a+p 7^ since — /3, a + f3,a are all roots. 
Therefore, for any given compact root a, if there is a noncompact root /? so that 
a + (3 is also a root, then a + /3 is a noncompact root, so X^ G g' . Note that if a 
is a compact root, and /3 a noncompact root, then all roots on the a-string 

...,/? -a, + a,... 

are noncompact too, containing the same (all positive or all negative) integer mul- 
tiples of the noncompact simple roots. In other words, if a is a compact root and 
Xa is not in g' , then the a-string of every noncompact root /3 must be of length 1 . 

Consider the root system of rank 2 generated by a and j3. Looking at pictures 
of all root systems of rank 2 [15], we see that a must be perpendicular to f3. So 
the set of compact roots a for which Xa ^ g' lies on a perpendicular subspace to 
all of the noncompact roots, and so forms a root subsystem of a semisimple ideal 
in g. So g = g' © g" where g" C g is a semisimple ideal. Moreover, g' contains 
the root spaces of all noncompact roots, so g" must be contained in the sum of 
the root spaces of the compact roots, i.e. G" = C MA C P. By hypothesis, 
g" = 0. Therefore g' — g, and so G' is a connected open subgroup of g. Since g is 
connected, g' = g. □ 

If G is a group, let Z{G) be its center. 
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Lemma 11.4. Suppose that P d G is a parabolic subgroup of a connected complex 
semisimple Lie group and with Lie algebras p C and with Langlands decomposi- 
tions P ~ MAN and G = N~ MAN . The group MA normalizes the groups N and 
N^ . In particular we can get MA to act on n~ . Suppose that p does not contain 
a nontrivial ideal of g. Then the subgroup T defined by 

1 ^ r ^ MA GL (n") 

is T = Z(G) nMA. In particular, T is a subgroup of the center Z{G) of G, and so 
is a finite abelian group. 

Proof. If ma G MA acts trivially on n^, it acts trivially on n, since n = (n~)* 
via the Killing form, so ma acts trivially on the Lie subalgebra of g generated by 



n U n . By lemma 11.3 on the facing page this subalgebra is all of g. Therefore 



Ad(ma) = J, so ma e Z(G'). □ 

A homogeneous space G / H is effective ([20 p. 150) if G acts effectively on G/H , 
i.e. if the largest normal subgroup of G contained in H is {1}. Strictly speaking, 
effectivity is a property of the pair (G, H), but we will think of it as a property of 
G/H. 

Lemma 11.5. A generalized flag variety G/P is effective if and only if both 

(1) G has trivial center and 

(2) the Lie algebra of P contains no nontrivial ideal in the Lie algebra of G. 

Remark 11.6. Note that G has trivial center if and only if G is in adjoint form, i.e. 
G = AdG. 

Proof. Suppose that G/P is effective. The Lie algebra of P contains a nontrivial 
ideal in the Lie algebra of G just when P contains a positive dimensional subgroup 
normal in G, which then acts trivially on G/P. so is trivial. Clearly Z{G) is discrete, 
abelian and normal in G. We need to see that Z{G) C P. A subgroup P would 
remain parabolic if we replaced it by the subgroup P Z(G), and would have the 
same Lie algebra. But every parabolic subgroup is connected, and determined by 
its Lie algebra So Z{G) C P. But G is effective, so Z(G) = {1}. 

Now suppose that G has trivial center and that the Lie algebra of P contains 
no nontrivial ideal in the Lie algebra of G. Suppose that K C P is a, normal 
subgroup of G. So the Lie algebra of K is an ideal in the Lie algebra of G, and 
therefore is trivial. So is a discrete normal subgroup of G. If g(t) is a path in 
G with g(0) = 1, and k e K, then g{t)kg{t)^^ E K, must be constant. Since G is 
connected, gkg^^ = fc for g e G and k e K. So K C Z{G) = {1}. □ 

Corollary 11.7. Suppose that P G G is a complex parabolic subgroup of a con- 
nected complex semisimple Lie group G, with Langlands decomposition P — AIAN. 
Then MA normalizes N~ , and thereby acts as Lie algebra automorphisms on n~. 
The action of MA on is faithul iff G/P is effective. 

Proof. Define T by 

1 ^ r ^ MA GL (n") . 

Suppose that the action of MA on is faithful. If p contains a nontrivial ideal 
in g, then m must contain that semisimple summand of g, since a is abelian and 
n is nilpotent. Decomposing g into simple summands, g — ^^Qi, we decompose 
p = 0iPi etc. giving the Langlands decomposition of each summand. So if g^ C p 
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then pi — Qi, and 0. So Gi = cxpg^ C MA acts trivially on n .So Gi is trivial, 
and so the ideal in p is trivial. By lemma 11.4 on the previous page] Z{G) O MA 



r = 1. We need only show that Z{G) C MA. Pick some g e Z{G). Every Cartan 
subgroup is the adjoint stabilizer of some element of itself, and therefore contains 
the center of G. Since there is a Cartan subgroup of G in MA, Z{G) C MA so 
ZiG) = 1. 



Suppose on the other hand that G/Pis effective. By lemma 11.5 on the preceding 
page[ Z(G) = 1 and p contains no nontrivial ideal in g. So T is discrete. Since 



~ n* as Afyl-modules, F acts trivially on n and n^, and therefore commutes 
with the subgroup of G generated by iV U . Because G/P is effective, the 
minimal normal subgroup of G lying in P is trivial. By lemma p_1.3 on page 10[ G 
is generated by A^" U A^, so T C Z{G) = 1. □ 

12. Chevalley bases for generalized flag varieties 

Suppose that X ~ G/P is a, generalized flag variety. Fix a Cartan subalgebra 
f) C g and a Chevalley basis for g as in definition |11.1 on page 9| Consider the 
1-forms uj" dual to the vectors Xa of the Chevalley basis. We use the Killing form 
to extend a from f) to g, by splitting g = f) + f}^, and taking a ~ on i)-^. The 
1-forms , a span g* . 

Each exterior form in A* (g)* extends uniquely to a left invariant differential 
form in fl* (G), and we will write these forms with the same symbols. These forms 
determine a basis of left invariant 1-forms cj" , ai (with the varying over the 
basis of simple roots) , and a basis of left invariant vector fields Xa , Ha. . From the 
commutator relations for g, 



dw" = -a A - ^ Np^uj^ A u 



2 



with sums over all roots. The basis w^jai is not the dual basis to XajHa^- 
If G/P is a rational homogeneous variety, let 5 — 5g/p be 



2 

QGAp 

where the sum is over all noncompact negative roots. 

Lemma 12.1. [Knapp [lOj p. 330, corollary 5.100, [15_ lemma 2] The Killing form 
inner product (6,(3) (where S is half the sum of noncompact negative roots, and (3 
any root) vanishes just precisely for j3 a compact root. 

13. Chevalley bases for parabolic geometries 

Suppose that E -> M is a holomorphic parabolic geometry, modelled on a gen- 
eralized flag variety X = G/P. Similar structure equations hold for any parabolic 
geometry with the same model. The Cartan connection is a 1-form valued in the 
Lie algebra g of G, so splits into a sum of 1-forms and ai from the decomposition 
of g into root spaces, which we write using the same notation. From the deflnition 
of a Cartan geometry, the Caxtan connection satisfles the same structure equations 
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as the Maurer-Cartan form on the model, but with semibasic curvature correction 
terms, so 

(1) da;" = -aAw"-^ ^ iV^^w'^ A + ^ X^^w'^Aw'^, 

(2) rf" = -EM-'A.-^+ ^?Xa-^ 

where the K and L terms are Cartan geometry curvature terms, so they vanish 
except possibly for /? and 7 noncompact negative roots. It is easy to check from 
the above equations that for any /3 G Ap, 

and, for /3 G Ap and a E Ap, 

14. Pairing a connection on the canonical bundle with a parabolic 

geometry 

Suppose that is a holomorphic connection for the canonical bundle km of a 
complex manifold M. The 1-form is a holomorphic 1-form on the total space 
of — >■ M, invariant under rescaling of by elements of C^. If X is the 
infinitesimal generator of that rescaling, i.e. 

for ^ G Km, then X -1 = 1. 



t=o 



Definition 14.1. Suppose that £^ — ^ M is a holomorphic parabolic geometry mod- 
elled on a rational homogeneous variety X = G/P. Pick a Chevalley basis as in 
section [13 on the preceding page[ At each point e G E, the 1-forms lu", for a a 
noncompact negative root, span the semibasic 1-forms. Pick any ordering of the 
noncompact negative roots. The form 

0= /\ 

aeAp 

(a wedge product over noncompact negative roots) spans the semibasic forms of 
top degree. Check (see [15j p. 6 for details) that dil = —25 A il. 

Pick a point e € E and let m = 7r(e) G M. There is a unique top degree form 
in A'°P^'^ {T*^M) which pulls back to fl, and by abuse of notation we denote it 
fie G A*°P''' {T*M). Denote the obvious representation of P on g/p as p: P -> g/p. 
Then 

^^^dctpb)- 

Define a map 

/: eG G 

and check that 
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Then under the flow of any vector ^ € p, we have /*A = —25{A)X. Denote /*</> as ^ 
by abuse of notation. For any p G P, r*(j) = (f), and, for any A G p, A^(j) = —2S{A). 
Since the various w", for a noncompact negative, form a basis for the semibasic 
1-forms, 

(3) (t) = -26+ J2 

for some unique holomorphic functions ta- E ^ C Call the function t = (ta) '■ E ^ 
(fl/p)* = ^ the parabolic torsion of the connection on the canonical bundle km 
with respect to the parabolic geometry. 

Remark 14.2. A first it may appear that the parabolic torsion is a holomorphic 

1-form, but as wc will see it is more complicated. 

If ^ is a holomorphic 1-form on M and (/> is a holomorphic connection on the 
canonical bundle km, then -I- ^ is also a holomorphic connection on km, and all 
holomorphic connections on km have this form. Denote the pullback of ^ to £^ also 
as ^, and then we can write ^ as 

for some holomorphic functions s = (sc). If the parabolic torsion of ^ is t = (ta), 
then the parabolic torsion of </> + ^ is f + s. In particular, locally every value of 
t e (fl/f))* occurs as the parabolic torsion of some local holomorphic connection on 
Km- 

Lemma 14.3. Suppose that E ^ M is a holomorphic parabolic geometry modelled 
on a rational homogeneous variety X = G/P. Take a Langlands decomposition 
P = MAN . Suppose that <f) is a holomorphic connection on the canonical bundle of 
M. Let Eq C E be the set of points at which the parabolic torsion of the connection 
vanishes. Then Eq is a principal right MA-bundle. The 1-forms co" for a a positive 
noncompact root are all semibasic on Eq. Under the MA-invariant splitting 

= n~emeaen, 

the pullback of oj to Eq splits into 

The last of these, 

is a multiple of the first on Eq, i.e. of 

K)aeA- • 

The 1-form 

('^")aeA- ® (^")aeA«, ® (")aeA 

on Eq is the holomorphic Cartan connection of a reductive Cartan geometry mod- 
elled on {G',X') where G' = MAx (g/p) and X' = G' /MA = fl/p. 
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Proof. Pick a positive noncompact root /3 e Ap, and apply Lie derivatives to 
equation |3 on the facing page| to find 

(4) - i^--' - E + 

Set ^Q, = if a ^ Ap. Then we can write this as 



_ (<5,/3) 
Computing the bracket 

and using the fact that the quantities can be chosen arbitrarily at any point, we 
find 

KP)'''-'-' + KT)'''-'-' ^ (/5 + 7,/3 + 7)'^^'^ 
for any /3, 7 G Ap and 

(6) Nj3^a+iN^,a — Nj^a+pNp^a — Nj3^Np+^^a, 

for any /3,7 G Ap and a e Ap. Note that these two equations express identities 
valid in any Chevalley basis of any seniisiniple Lie algebra. 
Write the elements of (g/p)* as 

aGAp 

using the of the Chevalley basis for a ranging over negative noncompact roots. 
For each (3 G Ap, define an infinitesimal afhne transformation Xp of (g/p)* by 

Computing brackets, equations [s] and [g] tell us that these Xj3 vector fields satisfy 
the commutation relations of the Lie algebra n. Being afBne, they are complete. 



By lemma 11.2 on page 9 N is simply connected, and therefore these vector fields 
define a right action of N on n by afhne transformations, say a: N ^ GL (n) k n. 
Moreover, the parabolic torsion transforms according to r*t = a{n)t. In particular, 
if we take j3 = —a, we find 

° [a, a) 



which is not by lemma 12.1 on page 12 It follows that the vector fields Xp are 



linearly independent at each point of n. Therefore the orbits of the iV-action on n 
are open, and so there is only one orbit of N on n. 

The set F C iV of elements of N fixing the origin in n is a discrete subgroup. 
Because n and N are simply connected, and n = F\iV, we must have F = {1}. 
Consequently we can find, for each e G -E, a unique and holomorphically determined 
n G for which t{en) — 0. Let Eq C E he the zero locus of t, so Eq is a complex 
submanifold of E, intersecting each fiber uniquely and transversely. Moreover, Eq 
is M^-invariant by definition, since parabolic torsion is MA-invariant. So Eq is 
a smooth principal right MA-subbundle. Each tangent space of Eq is cut out by 
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equations setting ui^ (for /? a positive noncompact root) to a multiple of the various 
(for a a negative noncompact root). □ 

Remark 14.4. Pick any Lie group L and any holomorphic principal i-bundle p: X 
M. Write the vector fields generating the i-action as 

T. d 



dt 



t=o 

for a; e X and A E I. Let X' be the set of all pairs {x, iji) where x E X and 
■0 : T.J.X I is a complex linear map so that A{x) -1-0 = A for any A e [. The group 
L acts on X' in the obvious way: 

(a;»£= (x^,AdrV;V) 

and this action is clearly free and proper. Let VX = X' /L. Holomorphic sections 
of the holomorphic fiber bundle WX — > M are precisely holomorphic connections 
onX M. 

Returning to our parabolic geometry, make a map F: E ^ Vk^j, by asking 
that f{e)*F{e) — —25. It immediately follows from the previous lemma above that 
there is a unique such map F and that, if (j) is any holomorphic connection on the 
canonical bundle of M, with graph C Vk^^, then £'o = F~^r^ is the set of 
zeroes of the parabolic torsion of on E. In fact, F is A^-invariant and identifies 
E/N — Vk^j. We won't need this result, so we leave it to the reader to check. 

Theorem 14.5. Suppose that M is a complex manifold hearing a holomorphic 
effective parabolic geometry E — M , say with model G/ P. Suppose that P has 
Langlands decomposition P — MAN . The canonical bundle of M bears a holomor- 
phic connection if and only if E contains a holomorphic principal M A-subbundle. 



Proof. We have seen one direction already: by lemma 14.3 on page 14 a holomor- 
phic connection on the canonical bundle reduces every holomorphic effective para- 
bolic geometry to a holomorphic principal Af A-subbundle. Suppose that Eq C E 
is a holomorphic principal right M A-subbundle, where — > Af is a holomorphic 
effective parabolic geometry. Let = —2S; then is an MA- in variant holomorphic 
1-form on Eq. Calculate that for any (3 e Ap, 

and that for any root a, 

(f> = 0. 



By lemma 11.2 on page 9 MA is connected so rp(f> ~ (p for p E MA. Suppose that 
Km is the canonical bundle of M. Define a map f : E ^ k^j as in definition 14.1 
|on page 13[ Reversing our steps we easily check that (f> is the puUback of a unique 
holomorphic connection form on k^,j. □ 

15. Extension of parabolic geometries 

We now prove theorem |1. 2 on page 2[ 

Proof. Suppose that G is a complex semisimple Lie group and P C G is a parabolic 
subgroup and that X — G/P. Suppose that G acts faithfully on X, i.e. G is in its 
adjoint form by lemma |11.5 on page 11] Suppose that E ^ M is a, holomorphic 
(G, X)-geometry and that M is a domain over a Stein manifold. Let M be the 
envelope of holomorphy of M. By lemma |4.1 on page 4| we can assume that the 
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canonical bundle of M has a holoniorphic connection. By lemma pl4.3 on page 14| 
this connection together with the parabolic geometry imposes a reductive geometry 
Eq M modelled o n (G", X'), where G' = MA k (g/p) and = MA. By corol- 
lary 11.7 on page 11[ H' acts faithfully on g'/f)'. By theorem 10.1 on page 



every 

(C; X')-geometry on M extends uniquely to a holomorphic (C, X')-geometry on 
M, say E'q — >• M. Let E' = Eq XmaP- So E' M is a, holomorphic principal right 
P-bundle extending E. The (G, X)-geometry on M extends to M just when the 
associated principal i/-bundle E M extends ([2] p. 19 theorem 8). Therefore 
the (G, X)-geometry on M extends to M . □ 

16. Families of first order structures and geometries 

A family of complex manifolds is a nowhere singular holomorphic foliation F of 
a complex manifold M. We identify any foliation F with set of tangent vectors 
tangent to its leaves, so C TM. The frame bundle of F is the principal right 
GL (n, C)-bundle Fr_F — !■ M whose elements are pairs (m,u) where m ^ M and 
u: Fjn — C" a linear isomorphism. Suppose that p: G ^ GL(n, C) is a complex 
representation of a complex Lie group G. A holomorphic family of G- structures is a 
family F of complex manifolds and a holomorphic principal right G-bundle E ^ M 
and a G-equivariant holomorphic bundle map E ^ Ft F. 

li p: Af is a holomorphic principal bundle and is a holomorphic foliation 

on M, let EE be the foliation on E whose leaves are the preimages of the leaves 
of F, and write F as FM for clarity. Suppose that E ^ Fri^M is a family of 
G-structures. Pick any e d E and suppose that the bundle map E Ft FM takes 
e e -E H- > (to, u) G Fr FM. The soldering form of the family of G-structures is the 
object 7] e EE* (E) C" defined hy v -irj = u {p'{e)v) for any v e F^E. 

Suppose that X — G/H is a complex homogeneous space. A family of (G, X)- 
geometries (also called a family of Cartan geometries modelled on X) on a family 
FM of complex manifolds is a holomorphic principal right iJ-bundle E ^ M 
and a section uj of EE* <S) g, called the Cartan connection, satisfying the following 
conditions. 

(1) Denote the right action of 5 € G on e € -E by r^e = eg. The Cartan 
connection transforms in the adjoint representation: 

(2) We : FeE — >■ g is a linear isomorphism at each point e (z E. 

(3) For each A E g, define a section of EE over E by the equation A^uj = A. 
The vector fields A on E, for A £ t), generate the right _ff-action: 

If G is a complex semisimple Lie group and X — G / P is a rational homogeneous 
variety, then a family of (G, X)-geometries is called a. family of parabolic geometries. 

Recall the foliation of C" — {0} by radial lines. Clearly foliations, and even holo- 
morphic submersions, do not generally extend to envelopes of holomorphy. There- 
fore we will pose the Hartogs extension problem only for holomorphic foliations 
which are already assumed to extend. 

Theorem 16.1. Suppose that G C GL(rt,C) is a closed complex Lie subgroup. 
Suppose that M is a domain over a Stein manifold and FM is a nowhere singular 
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holomorphic foliation of M . Suppose that E C YiFM is a holomorphic family ofG- 
structures on M . Then the family extends holomorphically to a holomorphic family 
of G-structures on the envelope of holomorphy M if and only if the holomorphic 
principal bundle E — > M extends to a holomorphic principal bundle on M . 

Proof. We just make the obvious modifications to the proof we gave above for a 
single G-structure. Write the extension of i? — > 7\f as i? — > M . (It is true that 
E is the envelope of holomorphy of E, although we won't need to know this, so 
we leave the reader to check it.) The soldering form is a holomorphic section 
of the holomorphic vector bundle EE* ®q C" over Af , and therefore extends to a 
holomorphic section of EE* (S)g'C'^ on M by ||T4J proposition 2. This section vanishes 
on the fibers of i? — M, so by analytic continuation must vanish on all of the fibers 
of _E — > M. The set of points e £ E aX which this section is not of full rank as a 
linear map E*E — > C" is a complex analytic hypersurface of E clearly. Being G- 
invariant, it projects to a complex analytic hypersurface of M . Every component 
of this hypersurface has to intersect M by [T3] p. 8 lemma 11. Therefore this 
hypersurface is empty. The soldering form, being semibasic, determines a coframe 
at each point e G E, say u: E^M — )■ C" so that v = u {Tr'{e)v) for any vector 
V € FeE. This choice of coframe is an extension of our map to the coframe bundle. 
The map is G-equi variant, so is a family of G-structures. □ 

Theorem 16.2. Suppose that H d G is a closed complex Lie subgroup of a complex 
Lie group and X = G/H . Suppose that M is a domain over a Stein manifold and 
EM is nowhere singular holomorphic foliation of the envelope of holomorphy M of 
M. Suppose that E — > M is a holomorphic family of [G ^ X)- geometries over the 
family EM. Then the family of geometries extends holomorphically to the envelope 
of holomorphy M if and only if the holomorphic principal bundle E ^ M extends 
to a holomorphic principal bundle on M . 

Proof. Suppose that E M extends to a holomorphic principal bundle E M. 
The Cartan connection is a holomorphic section of EE* (E)h M . and therefore 
extends to a holomorphic section of EE* Q ^ M hy proposition 2. Lets 
call this section u. The set of points e E E a,t which the linear map 

V e TeE K> V -ici) + f) e q/I] 

is not a linear isomorphism is a closed complex analytic hypersurface of M. Every 
component of this hypersurface has to intersect M by [M] p. 8 lemma 11. There- 
fore this hypersurface is empty. The object oj satisfies A -no ~ A for any A e f) 
where A is the associated generator of the infinitesimal f)-action on E. The analo- 
gous statement on E must hold by analytic continuation. Therefore a) is a Cartan 
connection. □ 

Theorem 16.3. Suppose that G is a complex Lie group and H d G is a is a closed 
complex subgroup, with Lie algebras f} C g. Let X = G/H. Suppose that H acts 
faithfully on g/f). Suppose that M is a domain over a Stein manifold and EM is 
a nowhere singular holomorphic foliation of the envelope of holomorphy M of M . 
Suppose that E — > M is a holomorphic family of (G, X)-geometries over EM . Then 
the family of geometries extends holomorphically to the envelope of holomorphy M 
if and only if the associated first order structure extends to a holomorphic first order 
structure on M . 
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Proof. The family of Cartan geometries on M extends holomorphically to AI just 
when the associated principal iJ-bundle E ^ M extends holomorphically by theo- 
rem 1 16. 2 on the facing page] The bundle of the associated first order structure is 
E/Hi ^ E. □ 

Theorem 16.4. Suppose that M is a domain over a Stein manifold and FAI 
is a nowhere singular holomorphic foliation of the envelope of holomorphy M of 
M . Then every holomorphic family of effective reductive geometries with connected 
model over FM extends uniquely to a holomorphic family of reductive geometries 
over FM. 



Proof. By lemma 7.1 on page 6 H acts faithfully on g/f). By theorem 16.3 on the 



[facing page| the result follows. □ 

Theorem 16.5. Every holomorphic family of effective parabolic geometries on a 
domain over a Stein manifold extends uniquely to the envelope of holomorphy of 
the domain. 

We omit the proof, which is once again a straightforward modification of the 
proof for a single effective parabolic geometry, using a holomorphic connection on 
the relative canonical bundle. 



17. Flat Cartan connections and disk convexity 

Pick a rational homogeneous variety (G, X). Any local biholomorphism S: M ^ 
X from a simply connected domain A'l over a Stein manifold to a rational ho- 
mogeneous variety X is clearly the developing map of a flat parabolic geometry. 
The geometry extends to M, and so the developing map extends as a local biholo- 
morphism. Sergei Ivashkovich has another perspective on holomorphic extensions 
which is easy to apply to developing maps of a wider variety of models. A complex 
manifold M is disk convex if for every compact set K (Z M there is a compact 
set K' C M so that every holomorphic map of the closed disk to M sending the 
boundary to K sends the interior to K'; see Ivashkovich [7j. For example, compact 
complex manifolds are disk convex, as are affine complex analytic varieties. 

Theorem 17.1 (Ivashkovich [7 ). Suppose that M is a domain over a Stein man- 
ifold. Suppose that X is a disk convex Kahler manifold and that the holomorphic 
vector fields on X span the tangent bundle of X . If f : M ^ X is a local biholo- 
morphism, then f extends uniquely to a local biholomorphism f: Af — > X. 

Corollary 17.2. Suppose that M is a domain over a Stein manifold. Suppose that 
(G, X) is an effective complex homogeneous space and that X is disk convex and 
Kahler. (For example, (G, A") could be a reductive complex homogeneous space, or 
a rational homogeneous variety.) Then every flat holomorphic {G,X)- geometry on 
M extends uniquely to a fiat holomorphic {G,X)- geometry on M. 

18. Example: Hope manieolds 

18.1. Definition. A compact complex manifold M is called a Hopf manifold if its 
universal covering space is biholomorphic to C" — {0} for some integer n > 1. If 
additionally the fundamental group of M is generated by a single element, then the 
manifold is called a primary Hopf manifold. 



20 



BENJAMIN MCKAY 



A biholomorphism / : C" — > C" fixing G C" is strictly contracting if all of the 
eigenvalues A of /'(O) have |A| < 1. If / is strictly contracting, let 

M/ = (C"\{0})/(z^/(z)); 

then Mf is a primary Hopf manifold. Every Hopf manifold has a finite covering 
by a primary Hopf manifold, and any primary Hopf manifold is biholomorphic to 
some such Mf [11 p. 694. Any two primary Hopf manifolds Mf and Mg are 
biholomorphic if and only if there is a biholomorphism h : — >■ C" fixing so that 
goh = hof.lt follows that the classification of primary Hopf manifolds reduces to 
the classification of strictly contracting biholomorphisms of C" up to conjugacy. 

A resonance of a biholomorphism /: C" — > C" fixing G C" is a relation of 
the form Xj = A" where A^ are the eigenvalues of /'(O) and a = {ai,a2, ■ ■ ■ ,Q;„) 
are some integers with ak > 2. To each resonance we associate the resonant 
polynomial map z i— z"ej, where ei, 62, . . . , e„ G C" is the standard basis. 

By the Poincare-Dulac theorem [1 p. 184, any strictly contracting biholo- 
morphism / is conjugate to a strictly contracting biholomorphism of the form 
z I— Az + w{z), where A = /'(O) and w = {wi{z), . . . , w„(z)) is a map with each 
Wi{z) a finite sum of resonant polynomial maps. Order the eigenvalues of A by 
modulus. We can replace f{z) by Az + w{z) without changing the biholomorphism 
type of the Hopf manifold, so we do this henceforth. The generic strictly contract- 
ing biholomorphism is therefore clearly linearizable, and conjugate to a diagonal 
linear map 

z t-^ (Aizi, X2Z2, . . . , A„z„) . 
18.2. Holomorphic affine connections. 

Lemma 18.1. A primary Hopf manifold M — Mf admits a holomorphic affine 
connection if and only if after perhaps replacing f by a conjugate, f is a linear 
map. If furthermore f is diagonalizable with eigenvalues Ai, A2, . • . , A„, then the 
dimension of the space of holomorphic affine connections on M is the number of 
relations of the form A^ — XjX^X", for 1 < i, j, k < n and a multiindex a. In par- 
ticular, the generic Hopf manifold admits a unique holomorphic affine connection. 
Without loss of generality, the generic Hopf manifold is Mf with f linear, and this 
connection lifts to C" to be the standard fiat affine connection Vg^ = . 

Proof. Any holomorphic connection V on the tangent bundle of a Hopf manifold 
A/ — Mf must lift to C" — 0. It then differs from the standard Euclidean connection 
on C" by a holomorphic 1-form valued in TM . Apply Hartogs's extension theorem 
to this 1-form: the connection holomorphically extends to an /-invariant holomor- 
phic connection on C". The exponential map will therefore also be invariant, and 
then clearly the exponential map will satisfy 

/(expo -expo {tf{Q)v). 

Therefore the exponential map will identify / near with a linear map, and so / 
is linearizable by the Poincare-Dulac theorem. Therefore a primary Hopf manifold 
M = Mf admits a holomorphic affine connection just when / is a linearizable map. 
Assume then that / is linear, say f — go & GL(n,C), and diagonalizable with 
eigenvalues Ai, A2, . . . , A„. Then (^g-invariance of a connection is precisely that the 
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ChristofFel symbols, expanded into a multiindex Taylor series 

OL 

satisfy r*j,^ = unless = AjAfeA". □ 

Lemma 18.2. The canonical bundle of a primary Hopf manifold admits a unique 
holomorphic connection. If the Hopf manifold is Mf and f is linear, then this 
connection lifts to C" to be the standard flat connection Vo,f = dzf- 

Proof. Every holomorphic line bundle on any Hopf manifold admits a holomorphic 
flat connection; see [12] p. 1013 theorem 4. Moreover, this holomorphic flat connec- 
tion is unique, because the difference between any two holomorphic flat connections 
is a holomorphic 1-form, i.e. a holomorphic 1-form on C" invariant under a strictly 
contracting map. which clearly must be 0. □ 



18.3. Reductive first order structures. 

Example 18.3. Suppose that G C GL C) is a closed complex subgroup and that 
50 G G is a strictly contracting linear map. Consider the quotient 

B - (C" \ {0}) G 
where the Z-action is generated by 

{z,u) i-> [goz^ug^'^) . 
Clearly B C FMg^ is a G-structure on Mg^ . 

Theorem 18.4. Suppose that G C GL(n, C) is a reductive linear algebraic sub- 
group. If G ^ GL (ri,C) then, for generic choice of strictly contracting map f, the 
Hopf manifold Mf admits no holomorphic G-structure. Suppose that B C FM is 
a G-structure on a primary Hopf manifold M — Mf. Then /'(O) G G. // / is 
linearizable, then M = Mg^ for some go € G. If G is semisimple, or has finitely 
many components and semisimple identity component, then there are no holomor- 
phic G-structures on any linear Hopf surface, since all representations of G are 
virtually unimodular, so no elements are strictly contracting on C". 

Proof. This structure B pulls back to a G-structure on C" \ {0}. Identify 

F (C" \ {0}) = (C" \ {0}) X GL (n, C) . 

The prolongation of / is 

f,{z,u)^{f{z),unzr^). 

For each (z, u) G B, 

{f{z),uf'izr') eB. 

Since G is reductive, the puUback of B to C" — {0} extends across 0, so can always 
change linearly the coordinates in C" to arrange that (0,/) € B, and go = /'(O) G 
G, and go is a strictly contracting linear map, i.e. all of the eigenvalues of go lie 
inside the open unit disk in the complex plane. □ 
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18.4. Reductive geometries. 

Example 18.5. Suppose that G is a complex linear algebraic group, H d G a, 
reductive complex algebraic subgroup, and let X = G/H . Suppose that G acts 
faithfully on X. Let p: H ^ GL{q/\]) be the obvious representation. Take an 
element £ H. Suppose that all eigenvalues of p{ho) lie inside the open unit disk 
in the complex plane. Let M = Mp(^ho)- Let E — (C" — 0) Xh,, H, the quotient by 
the left action Hq {z, h) — {hQZ, h^h) . Define a 1-form oj £ Q} ((C" — 0) x H)^q by 
'^{z,h) = dh. Clearly w is /iQ-invariant, and therefore descends to a 1-form on E, 
which we also call w, and which is a Cartan connection for a unique (G, X)-geometry 
on M. 

Theorem 18.6. Suppose that G is a complex linear algebraic group, H d G a 
reductive complex algebraic subgroup, and let X — G/H . Suppose that G acts faith- 
fully on X. Let p: H ^ GL(g/()) be the obvious representation. A primary Hopf 
surface M admits a holomorphic (G, X) -geometry if and only if it is biholomorphic 
to M = Mpf^i^g^ for a unique element Hq € H . 



Proof. Existence follows from example 18.5 above. On the other hand, if M ~ Mf 



admits a (G, X)-geometry, lemma 8.1 on page 7 shows that Mf admits a holo- 



morphic affine connection, and lemma 18.1 on page 20 says that Mf admits a 



holomorphic affine connection if and only if / is linear, and finally theorem |18. 4 on] 
|the previous page] says f = Hq E H. □ 

18.5. All known parabolic geometries on compact complex manifolds. 

Suppose that (G, X) is a rational homogeneous variety. Let us describe all known 
examples of holomorphic (G, X)-geometries on compact complex manifolds. There 
is a unique holomorphic (G, X)-geometry on X [13]. All flat holomorphic {G,X)- 
geometries are classified on compact complex surfaces [S] . All holomorphic parabolic 
geometries on complex tori are classified |15j : every holomorphic parabolic geometry 
on any complex torus is translation invariant. 

Suppose that (G, X) is a compact Hermitian symmetric space. There is a real 
form G* C G of G which acts on X with a symmetric space orbit: the noncompact 
dual X* C X of X. There are many examples of Hermitian locally symmet- 
ric manifolds [TB], i.e. compact complex manifolds with X* as universal covering 
space. Each Hermitian locally symmetric manifold has a flat holomorphic (G, X)- 
geometry; I suspect that this geometry is the only parabolic geometry on that 
Hermitian locally symmetric manifold. There is one exotic example |H] of a (G, X)- 
geometry where (G, X) = (P SL (4, C) , P^) , exotic because it is deflned on a smooth 
complex projective variety, but is not (i) X or (ii) a complex torus or (iii) a locally 
Hermitian symmetric manifold. In each of our examples so far, all of the known 
geometries are flat. There are flat and nonflat holomorphic (G, A)-geometries on 
any complex torus of the same dimension as X [T5] . 

Next suppose that (G, X) is a rational homogeneous variety, but is not symmet- 
ric. Every complex torus of the same dimension as X admits (G, X)-geometries; 
although all of these geometries are translation invariant, none of them are flat |15) . 
If P C Q C G are parabolic subgroups of a complex semisimple Lie group, and if 
G/Q is, symmetric, then any Hermitian locally symmetric manifold M modelled on 
G/Q bears an obvious holomorphic Q/P-bundle Z — > M with a flat holomorphic 
(G, G/(5)-geometry. I suspect that this geometry is the only holomorphic parabolic 
geometry on the complex manifold Z . The only known examples of holomorphic 
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(G, X)-geoinetries are those on (i) X, (ii) complex tori and (iii) these bundles 
Z — > il/ over Hermitian locally symmetric manifolds. 
We introduce one more example: 

Example 18.7. Take a complex semisimple Lie group G in its adjoint form and a 
parabolic subgroup P with Langlands decomposition P — MAN and a subgroup 



C G as in lemma 11.2 on page 9 with Lie algebras p = m©a©n and g = n~ © 
m©a©n. Pick any element mooo G MA so that the map / — Ad (niQao) acts on n~ 
as a strictly contracting linear map. Such elements exist, and form an open subset 
in MA, as we will see shortly. Take the primary Hopf manifold AI ~ Mf. Let X = 
G/P and let o = 1 • F e X. Let 6{Z) = e^o: n" ^ X. Let ft = ad (mono) : N- -> 
N~ . Since is simply connected, the exponential map exp: — > is a 
difFeomorphism (Knapp [TU] p. 107 theorem 1.127) and therefore a biholomorphism. 
Moreover. N~ D P = {1}, so that (5 is a biholomorphism to its image. The image 
of d is the A^^-orbit of o e X, which is also the basin of attraction of ad(r7io"-o)j 
as we will see in theorem |18.11 on page 25) This construction provides the first 
examples of flat holomorphic parabolic geometries on compact complex manifolds 
(other than the obvious example of M — X) for every rational homogeneous variety 
(G, X) which is not a compact Hermitian symmetric space. 

Let us ask if there are any elements moao G AIA which act on as strictly 
contracting linear maps. If so, then such elements will form an open set. The 
generic element of M A is conjugate to an element in the Cartan subgroup of G, so 
we can assume it has the form 

mo = e^-='^°., ao = e^»'='^°., 

where the first sum is over compact positive simple roots, and the second over 
noncompact positive simple roots. We can then check that the eigenvalues with 
which such an element acts on n~ are given, on the — /3 weight space, by — 
exp {—/3,a) . where 



We only have to arrange that (/?, a) > for every positive noncompact root /?. We 
get to pick the constants G C as we like. For example, if we pick them so that 



a = 6, then by lemma 12.1 on page 12 we find that moOo acts on n by a strictly 
contracting linear map. 

18.6. Parabolic geometries. 

Theorem 18.8. Suppose that M is a primary Hopf manifold admitting a holomor- 
phic parabolic geometry E — !• M , say with model X — G/P. Let p: P ^ GL (g/p) 
he the obvious representation. Split P into the Langlands decomposition P = MAN . 
Then M = Mp(^p^^ for some element po = moflo £ MA for which p (po) is a strictly 
contracting linear map. In particular, either (G, X) = (PGL (n + 1, C) , P") or else 
the generic Hopf manifold admits no holomorphic (G, X)- geometry. A Hopf mani- 
fold admits a holomorphic parabolic geometry if and only if it admits a flat one. 

Proof. Mall [12J p. 1013 theorem 4 proves that every holomorphic line bundle on 
any Hopf manifold admits a holomorphic fiat connection. Therefore the canonical 
bundle of M admits a holomorphic fiat connection. By lemma |14.3 on page 14[ 
the holomorphic connection on the canonical line bundle determines a holomorphic 
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reductive A/A-geometry Eq C E. By theorem 18.6 on page 22 AI — Mpi^p^^ 
for some po — it^qo-o- Example |18.7 on the previous page| sirows that such Hopf 
manifolds admit flat holomorphic parabolic geometries. □ 

Theorem 18.9. Every flat holomorphic parabolic geometry on any Hopf manifolds 
is one of those in example \18.7 on the preceding page\ 

Proof. Take a Hopf manifold M = Mf with a flat holomorphic parabolic geometry. 



By theorem 18.8 on the previous page we can assume that / ~ Ad (moao) for some 
moflo € MA. By lemma |18.2 on page 21[ there is precisely one holomorphic con- 
nection on the canonical bundle of a Hopf manifold. Use it to reduce the parabolic 
geometry i? — >■ M to a reductive geometry Em a C E. By lemma [l4. 3 on page 14| 
on the reduction 

for any a G Ap. It is easy to check that t = (t'^^ is a holomorphic section of 
T* (E)T* . Lift to C" — {0}, extending by Hartogs extension theorem, and expanding 
into a Taylor series on C". By / invariance, all terms in this Taylor series vanish, 
so = for all a E Ap. Therefore the reduction Ej^ia C S*G is mapped by 

EAfA > 6*G > G i H 



X 



as an integral manifold of the Pfaflian system lu°' — Q for all a E Ap. This left 
invariant Pfafhan system satisfles the conditions of the Frobenius theorem, and its 
maximal connected integral manifolds are precisely the left translates of N~ MA. 
Therefore the image of Em a lies inside N~ MA C G. Let Xo C X be the iV^-orbit 
of o e X. Clearly X^ is also the N~ MA-oihit of o G X. Since 5{Q) — o lies in X^, 
the image of 5 lies in Xq. The map log (5: C" — C" is a biholomorphism identifying 
the Hopf manifold Mf with the Hopf manifold MAd(moao)i ^-nd identifying the flat 
parabolic geometries. □ 

The moduli space of holomorphic parabolic geometries (or of holomorphic reduc- 
tive geometries, or of flat holomorphic reductive geometries) is a complicated afline 
variety deflned by hyperresonance conditions which we leave the reader to work out 
in detail; above we have determined when the moduli space is not empty. Even 
the dimension of the moduli space is given by elaborate hyperresonance conditions, 
which we also leave to the reader. 

18.7. Flat Cartan connections and basins of attraction. We understand very 
little about the moduli space of nonparabolic geometries on Hopf manifolds, but 
for many nonparabolic geometries we can relate the moduli problem to a problem 
in dynamics. A primary Hopf manifold Mf has fundamental group 

^1 {Mf) = {f)=Z. 

A developing pair (h, 5) on a Hopf manifold has holonomy morphism h determined 
completely by the element called the holonomy generator. 



HARTOGS AND PARABOLIC GEOMETRIES 



25 



Example 18.10. We can generalize the concept of Hopf manifold as follows. Suppose 
that (G, X) is a complex homogeneous space. Pick an element o (z X and suppose 
that you can find an element g e G so that g fixes o and is strictly contracting near 
o. Let Xo be the basin of attraction of g toward o and let Mg = {Xo — o) j g\ call 
Mg a {G, X) -Hopf manifold, and equip Alg with the obvious flat (G, X)-geometry. 
Clearly Mg is a Hopf manifold in the usual sense just when Xo is biholomorphic to 
C". 

Theorem 18.11. Suppose that {G,X) is a complex homogeneous space and that X 
is disk convex and Kahler and that G acts effectively on X. Suppose that Mf is a 
primary Hopf manifold of complex dimension at least 2, hearing a fiat holomorphic 
{G,X)- geometry with developing map S: C" — — > X and holonomy generator 
h Cz G, i.e. d{f{z)) — hS{z) for all z G C" — 0. Then b has a unique holomorphic 
extension to a holomorphic map S: C" — > X. Let o — S{0) G X and let H be the 
stabilizer of o, so h £ H . Let Xq be the basin of attraction of h toward o; we have 
a commutative diagram of biholomorphisms 

(C",0) — ^ (C",0) 

s s 
{Xo,o) {Xo,o) 

and Mf is biholomorphic to M^ and has isomorphic flat {G,X)- geometry. In par- 
ticular, f'(0) : C" — C" has the same Jordan normal form as Ad{h) : g/f) — > g/[). 

Proof. Corollary |17.2 on page 19| gives the required extension of 6. If we apply h 
enough times, then every point in the basin of attraction of a is eventually mapped 
to any arbitrarily small neighborhood of a, and we can pick such a small neigh- 
borhood so that S maps onto that neighborhood, since S{0) = o and i5 is a local 
biholomorphism. The image of 5 is invariant under h and so under so equals 
the basin of attraction. Suppose that 8(z) — 8 (z'). Then 5 (/ (z)) — S {f {z')), etc. 
so that we can arrange z and z' to lie in some arbitrarily small neighborhood of o, 
in which i5 is a biholomorphism, so z = z'. Therefore 5 is a holomorphic injection 
onto the basin of attraction of h. □ 

If Alf has a flat holomorphic (G, X)-geometry and (G, X) is an equivariant 
product G — G1XG2, X — XiX Xi , then /' (0) must have at least two Jordan blocks. 
Moreover, the holonomy generator h must be conjugate to a strictly contracting 
map of complex Euclidean space on each factor. If X = G/H and an element of H is 
not strictly contracting on g/[), then that element cannot be a holonomy generator 
of any flat holomorphic (G, X)-geometry on any Hopf manifold. The classiflcation 
of flat (G, X)-geometries on Hopf manifolds, for disk convex Kahler X, reduces to 
the classification of the elements of G that act as a strict contractions on an open 
set Xo C X biholomorphic to C". For example, if (G, X) is a rational homogeneous 
variety, X = G/P, P = MAN, then the only elements of G which act as strictly 
contracting maps on open sets of X biholomorphic to C" are, up to conjugation, 
the elements of MA. The generic element of P, even if it is strictly contracting 
near o = 1 ■ P € X , will have a basin of attraction which is not biholomorphic to 
C". 
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19. Conclusion 

The open problem of classifying holomorphic parabolic geometries on smooth 
complex projective varieties motivated the above research. In section |2 on page 2| 
we saw that there are new constraints which demonstrate that many complex man- 
ifolds have no parabolic geometries. I anticipate that these constraints will help to 
solve this open problem. 
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